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ABSTRACT The process of Thomson scattering of an ultra-
intense laser pulse by a relativistic electron bunch has been
proposed as a way to obtain a bright source of short, tunable
and quasi-monochromatic X-ray pulses. The real applicability
of such amethod depends crucially on the electron-beam qual-
ity, the angular and energetic distributions playing a relevant
role. In this paper we present the computation of the Thomson-
scattered radiation generated by a plane-wave, linearly po-
larized and flat-top laser pulse, incident on a counterprop-
agating electron bunch having a sizable angular divergence
and a generic energy distribution. Both linear and nonlinear
Thomson-scattering regimes are considered and the impact of
the rising front of the pulse on the scattered-radiation distri-
bution has been taken into account. Simplified relations valid
for long laser pulses and small values of both scattering angle
and bunch divergence are also reported. Finally, we apply the
results to the cases of backscattering with electron bunches
typically produced with both standard radio-frequency-based
accelerators and laser—plasma accelerators.

PACS 13.60.Fz; 41.60.-m; 41.75.Jv

1 Introduction

Thomson scattering from free electrons is a pure
electrodynamical process in which each particle radiates while
interacting with an electromagnetic wave. From the quantum-
mechanical point of view Thomson scattering is a limiting
case of the process of emission of a photon by an electron ab-
sorbing one or more photons from an external field (seee.g. [1]
and references therein), in which the energy of the scattered
radiation is negligible with respect to the electron’s energy. If
the particle absorbs only one photon from the field (the linear
or nonrelativistic quivering regime), Thomson scattering is
the limit of Compton scattering in which the wavelength Ax
of the scattered photon observed in the particle’s rest frame is
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much larger than the Compton wavelength A, = /#/m.c of the
electron [2]. Since A./Ax < 1, the Thomson-scattering pro-
cess can be fully described within classical electrodynamics
both in the linear and the nonlinear (i.e. when the electron
absorbs more than one photon) regimes.

Thomson scattering of a laser pulse by energetic counter-
propagating electrons has been proposed since 1963 [3—5] as a
quasi-monochromatic and polarized photon source. With the
development of ultra-intense chirped and pulsed amplification
(CPA) laser systems [6], the interest in this process dramat-
ically renewed. The Thomson-scattering process of photons
of ultra-intense laser pulses onto relativistic electron bunches
can be employed as a bright source of energetic photons from
UV to y rays [7-9], an attosecond source in the full nonlinear
regime [10], powerful diagnostics on the bunch itself [11-14]
and a bunch cooler [15].

Recent experimental investigations [16-20] performed
in the linear regime confirmed the production of a high-
brightness X-ray flux in 90° and 180° collisions between CPA
laser pulses and ultra-relativistic bunches; several proposals
for direct medical applications of these sources have been
presented [21-24].

The four main parameters of the Thomson-scattering pro-
cess of a pulse by a free electron are the particle energy
E¢ = yomec?, the laser pulse peak normalized amplitude

ap = e*A/(mec?) = 8.5 x 10_10,/1)»%, I being the peak in-

tensity in W/cm? and Ao the wavelength in um, the pulse
longitudinal envelope rise time T and the angle o« between
the propagation directions of the pulse and the electron. The
pulse amplitude ag controls the momentum transferred from
the laser pulse to the electron, i.e. the number of photons of
the pulse absorbed by the electron. If ¢y < 1, only one photon
is absorbed and the resulting electron motion always admits
a reference frame in which the quivering is nonrelativistic
(linear Thomson scattering). For an electron initially moving
with yp > 1 and a pulse having an adiabatic rising front (i.e.
with a rise time Tg much greater than the pulse period 1 /c),
the resulting scattered radiation is spectrally shifted at a peak
wavelength Ax >~ Ao/ (2)/02(1 — cos «r)) and emitted forward
with respect to the electron initial motion within a cone of
aperture ~ 1/yy.
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In the nonlinear regime (ap &~ 1 or higher) the resulting
strong exchange between the laser pulse and the particle mo-
mentum induces a complex and relativistic electron motion,
consisting of a drift and a quivering having both longitudinal
and transverse components with respect to the pulse propaga-
tion. In turn, the time-dependent longitudinal drifting results
in a nonharmonic electron motion, thus producing scattered
radiation with a complex spectral distribution too. If the elec-
tron interacts with a laser pulse with constant amplitude, the
spectral distribution of the scattered radiation is organized
in equally spaced harmonics. This appealing feature requires
at least that the laser pulse must be temporally ‘shaped’ in
a flat-top way. Pulse-shaping techniques are becoming more
common, especially for the production of ultra-short and low-
emittance electron bunches with radio-frequency (RF) guns
[25]. Moreover, the shaping of the laser pulse enables the oc-
currence of a quite subtle mechanism, which has been recently
pointed out by He, Lau, Umstadter, Kowalczyk and Strickler.
The authors of [26-28] showed that, for a pulse having a
sharp flat-top envelope (cTr/A9 — 0), the value of the phase
of the electric field at the rising front plays a relevant role
for the particle dynamics and thus for the scattered-radiation
distribution.

In this paper we develop an analytical estimation of the
distribution of the photons radiated by Thomson scattering in
both linear and nonlinear regimes by a free electron moving
against a linearly polarized laser pulse. Several simplified
expressions which are valid for the cases of small scattering
angles or long pulses are also reported. We consider both
the cases of sharp flat-top (cTr/ro — 0) and smooth flat-
top (1 < cTr/A0 <K T /Xp) pulses, by taking into account the
effect of the pulse rising front accordingly. Moreover, unlike
the work of Esarey et al. [7], in our formalism the electrons
need not experience perfect head-on collisions with the laser
pulse photons but they can have an incidence angle small
enough to enable the transverse ponderomotive forces to be
neglected and large enough to produce a sizable effect on the
scattered distribution itself. We stress also that the formula
for the radiated distribution we report here differs from that
proposed by Ride et al. [29] in two respects: (i) ours takes into
account the effects of the rising front of the pulse and (ii) it can
be directly applied to the estimation of the scattered-radiation
distribution by an electron bunch, e.g. by means of a Monte
Carlo computation.

The paper is organized as follows. In Sect. 2 Thomson
(quasi) backscattering by a single electron will be considered
and an exact analytical expression of the scattered-radiation
distribution for the case of a linearly polarized, flat-top and
radially homogeneous laser pulse is deduced. Several simpli-
fied relations which are valid for the cases of long pulse and
small scattering and incidence angles, and both long pulse and
small angles, are also reported. The case of linear Thomson
scattering will also be discussed and the validity of the ap-
proximations of negligible effects of the transverse pondero-
motive forces for the realistic case of a Gaussian transverse
profile will be clearly stated. In Sect. 3 we deal with Thomson
backscattering by an electron bunch presenting sizable angular
divergence and arbitrary energy distribution. Both collective
and coherence effects are neglected. For the linear-regime case
and the case of ultra-relativistic electrons and small scatter-

ing and incidence angles, we compare the expression for the
scattered-radiation distribution to the simple relation found
in the literature [8]. Next, we specialize to the production of
energetic and quasi-monochromatic photons and we system-
atically study the effect of the beam angular divergence on the
spectrum of the scattered radiation in both the linear and the
nonlinear regimes. Section 4 is devoted to comments.

2 Single-electron scattering for a linearly polarized
flat-top pulse

2.1 The vector potential for a flat-top-shaped pulse

Let us consider a plane-wave laser pulse linearly
polarized along the y axis propagating along the —z direc-
tion, having wavelength A, duration 7" and transverse size of
waist wg. The pulse electric field is parameterized as E(z, t) =
EoyH (&) sin(wpé + ¢o), where &£ =t +z/c, wy = 2mwc /Ao 1S
the laser pulsation, E is the pulse amplitude, H(§) is a flat-
top longitudinal profile (see Fig. 1) and ¢ is the phase of
the electromagnetic wave at the rising front located at £ = 0.
We introduce the adimensionalized vector potential of the
laser pulse a = (e?/mcc*)A, which in the Coulomb gauge
(V - a = 0) can be parameterized as

t

3z, 1) = 9a(&) = — Paowy / drH(x + 2/0)

x sin(wo(t + z/¢) + ¢o). (1)

The longitudinal envelope for the sharp flat-top case (i.e.
with rising time scale Tr < X¢/c) is H(x) = O(x) — O(x —
T), ®(x) being the Heaviside step function. For this case the
pulse vector potential is easily computed with Eq. (1), giving

a(&) = agH (§)(cos(woé + ¢o) — cos(¢hp))  [sharp profile].
Y
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FIGURE 1 a Geometry of Thomson backscattering. The laser pulse is po-
larized along y and moves towards negative z’s. Each electron moves roughly
along positive z’s with initial momentum meciig. The scattered radiation is
collected along the direction 7 with angles (9, ¢). b Longitudinal envelope
profile of the pulse for both the sharp flat-top and the smooth flat-top cases
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FIGURE 2 a Time shape of the pulse rising front

H (&) = sin(&/2TR) for the case Lr = 15fs. b Initial
phase dependence of the mean potential a(¢) for some
values of the rising time scales. ¢ Dependence of the max-
imum of @(¢p) on the rising time scale

T O rrnnannnd

0
TR/

We immediately note that for this sharp limiting case
the mean value over a pulse cycle of the vector potential
a = —agp cos(¢y) is generally not null, so that the initial phase
plays a relevant role in the particle dynamics as stated in
[26-28]. The sharp flat-top profile, however, is to date far
from being really obtained and for present-time applications
the most realistic case of a smooth flat-top profile should
be considered instead. The smooth flat-top profile has rising
and falling fronts having scales cTy larger than the pulse
wavelength Ao and much smaller than the pulse duration
T (see Fig. 1b). The integration of Eq. (1) for a smooth
longitudinal profile brings us generally to a vector potential
having a complex analytical description. Such a detailed
description, however, is not necessary since Tg/T < 1 and
thus the scattered radiation emission during the rising (and
falling) front is negligible with respect to that of the plateau.
Nevertheless, the value of the ratio cTg /Ao plays a key role in
determining the dynamics of the particle in the plateau region
(H() =1 for £ > Tr), since the mean value of the vector
potential in the plateau @ (and thus that of the transverse
particle momentum, as will be clear below) depends on the
rising front shape. In order to better highlight this, let us write
the value of the vector potential in the plateau region as

a(§) = ag cos(woé + ¢o) +a, (@)

where
Tr
a=—ap [COS(CUOTR + ¢o) + wo / dr H(7)sin(wot + ¢0)}
0

3)

and where we have supposed that H(0) = O and H(¢) = 1 for
& > Tr. The mean potential a is an oscillating function of the
initial phase ¢y with period 27 . Note that if H is aregular func-
tion also in the interval 0 < & < Tg with cTg > A¢, the ampli-
tude of a(¢o) can be estimated by making an iterative integra-
tion by parts of Eq. (3), obtaining a series of terms proportional

to 0" H /9&" computed in both § =0and § = T. As aresult,
for Ag/(cTRr) > 1,a is roughly of the order O(ag[1o/(cTr)]")
with n > 1. As an example, we consider the case of a rising
front of the shape H(§) = sinz(né/(ZTR)) for 0 <& < Tg.
In Fig. 2a the shape of H (&) for the case Tg = 15fs and
Ao = 1 um is shown. We computed the initial phase depen-
dence of a for several values of the rising front time scale Ty,
obtaining the curves reported in Fig. 2b. Finally, in Fig. 2c
the dependence of the maximum of a@(¢y) on the rising time
scale is reported, confirming that a/ay = O( /cTR)?.

2.2 Single-particle dynamics in the pulse
plateau region

In the following we will describe the dynamics of
the particles in the plateau region. This will be accomplished
by taking into account the mean value a of the vector potential.
Let us introduce the normalized electron momentum ut) =
p(t)/mc = y(t)B(t), y being the relativistic Lorentz fact_gr,
and the initial normalized momentum iy = po/mc = ypBo.
Since space-charge forces are neglected, the Lagrangian of
each electron can be written as

L=—1-B20)— B(t) - a(z(e), 1) 4)

and the invariance of the Lagrangian (4) under transla-
tions orthogonal to z generates two conservation rules for
the transverse component of the generalized momentum
P(t) = it +a. Moreover, the total time derivative of the
Hamiltonian H = P - § — L is linked to the partial time
derivative of the Lagrangian: dH/df = —d.L/dt. As a result,
the time and space invariance properties of £ generate three
conservation laws, by which the time evolution of the particle
momentum can be inferred:

d d
—ux =0, —@uy—a)=0, — ) =0, 5
a o~ oy tud &)
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where y(t) = (1 +u%(t))"/? is the Lorentz factor of the
particle. Let us consider a particle with initial momentum
1y = (uxo, Uyo, Uz0). The solution of Eq. (5) is (see also [7]
for the special case of uxg = uyo +a = 0)

Uy = Uy, Uy =Uyp+a, u,+y=ho, (6)

where hoy = yy + uy, ﬁi = ui + u% = ”io + (uyo + a)? and
y = (h§ + 1+ ii%)/2ho. In the plateau region the mean value
over a pulse cycle of the particle momentum reads

<

x = Ux0, Uy = (uyo + @),

7
i, = [hg — (1 + uly + (uyo + @) +ag /2)] /2ho), ™

so that the longitudinal particle speed in the plateau L =
/7 1s

[15 —
[+
We note that, for an ultra-relativistic electron (3 >> 1) and

the case |uyo + a@| < u,9, the mean longitudinal speed can be
simplified as

(1 + uly + (uyo + @)* + a3 /2) ]
(1+uly+ (uyo + @2 + a3 /2)]

By = (8)

L 1_‘10/87/0

9
b= 1+al/8y3 ©)

It is interesting to note that both the transverse and the longi-
tudinal components of the mean momentum differ from their
initial values: the longitudinal ponderomotive forces of the
pulse rising front do reduce the mean longitudinal momen-
tum and the mean momentum along the pulse polarization
is changed by the electric field during the rising front. As a
result, the mean particle momentum inside the pulse plateau
makes an angle & with respect to the z axis satisfying

i 2ho (k) + (uyo + a@)?)
i, [h3—(1+u2+ (uy + a2 +a2/2)]

We stress that such an incidence angle may differ consider-
ably from the incidence angle 6y = tan~' (1 10/u0) that the
particle had before it reached the pulse. This implies that,
due to both the acquired transverse momentum and the re-
duced longitudinal momentum, the particles can escape the
inner region of the pulse focal spot even if their unperturbed
trajectories were very close to the pulse-propagation axis.
This effect has been already stressed for the sharp-plateau
case [27].

The computation of the particle trajectory is strongly sim-
plified by expressing its position as a function of the parame-
ter§ =t + z(t)/c. Introducing the & derivative of the position

B = di/cdg = B/(1 + B,), we obtain

up+a . hi—(1+u?)
- 2h}

tan 6 =

(10)

u
,Bx: P ﬂy: s :82

I . D

and the parametric description of the particle position in the
plateau can be obtained by integrating Eq. (11) over the &
parameter.

After the introduction of both the auxiliary vector v =
o +ay and the parameter h3 = [h3 — (1 4+ V% + 1/2a)]

and having omitted inessential constant terms, we found

x@k=3@—m,

y@k—y@ §0) + —

Sln(wo(é £0)). (12)

z2(§)/c= 2h2 (S §0) — oho % sin(wo(§ — &)
a
~ Son h2 sin(2wo(§ — §o)),
where & = —@o/wy. The auxiliary vector ¥ can be interpreted

as follows. Consider a particle p; with initial momentum
interacting with a pulse characterized by a given a. The vector
v represents the initial momentum which a particle p, should
have if we impose that (i) its dynamics in the plateau is the
same as p; and (ii) it interacts with a pulse with a = 0, i.e.
with a mean transverse momentum ity = vy. It is therefore
convenient to introduce the particle incidence angles in the
spherical coordinate system (6, ¢.) by defining them in terms
of v instead of ig:

v = v (sin &, cos ¢, sin G, sin P, cos b,.) .

We stress that the particle incidence angles (6, ¢.) are
referred to the effective initial momentum v and not to the
mean particle momentum in the pulse plateau .

2.3 Thomson-scattered radiation by a single particle

In the classical description of the interaction of
an electron with an electromagnetic wave, the distribution
of the scattered radiation can be obtained by computing the
retarded potentials associated with the accelerated electrons
[31]. Such a description is valid provided that the energy
Ex of the scattered photons is much lower than the electron
energy [2]. In the far-field approximation, the distribution
of the scattered photons emitted with pulsation @ along the
direction 7 (see Fig. 1a) can be obtained with the relation [31]

d’N
dQdw

13)

(2”)2 ‘/dm x (7t x Be)e~ w00

where o = e?/lic is the fine-structure constant, ,B = dr /cdt is
the electron speed and dS2 is the unit solid angle.

The time integral in Eq. (13) can be estimated analyti-
cally provided that several assumptions are fulfilled. First, the
collective space-charge effects are negligible, i.e. each elec-
tron oscillates independently of the others. This assumption
is valid for short enough pulses, as reported in [7], and it has
been used to derive the particle’s momentum during the in-
teraction. Second, the pulse Rayleigh length Zg = nwg/ko
is much larger than the pulse longitudinal size ¢T, so that
the plane-wave approximation holds. Third, the initial radial
position 7 of each electron should be smaller than the pulse
transverse size wy and the electron incidence angle 0. satisfies
|6e] < 2(woBL/cT). In this case each electron of the bunch
lies in the region in which the radial distance from the pulse
axis is smaller than the pulse transverse size for all the dura-
tionty, =T /(1 + BL) >~ T[1 + a(z]/Syoz]/Z of the interaction.
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For a usual Gaussian transverse envelope, this assumption en-
ables the approximation that each electron interacts with a
radially homogeneous plane wave, thus allowing us to ne-
glect the transverse ponderomotive forces (for an a posteriori
discussion of the validity of the approximation see Sect. 2.8).

By using relations (6) and (12), the exponential term in
Eq. (13) can be written as

prw(t—E?£>}EGMMKW0+5WH, (14)

where

1
W =ow (,00(55 o) — 1—0 sin wo(§ — &o)

1
+ p2— sin 2wo(§ — So)) ,
W

1 1 0
Po= h2 |:h2 %ho ho sin 6 (vx cos ¢+vy sin ¢>)]
p1= ﬁ[ho sin® sin¢ — vy(1 + cos 0)],
0
2
P2 = o 2(1 + cos6) (15)

and W, an inessential phase factor which can be omitted since
an incoherent summation over the single-particle contribu-
tions is employed.

Following Ref. [7], the computation of the scattered-
radiation distribution proceeds by decomposing the term
nx(nx /3) in  Eq. (13) as a sum of a vector parallel to the
versors 6 and ¢ of the spherical coordinates

-

i x (1 x B)=—0(Bxcosb cos ¢ + By cosO sing — B, sinf)
+¢(Bxsing — By cos¢) (16)

and by making an expansion of the exponential term
with the help of the Bessel identity exp(iusing) =
Y2 o Ju(i) exp(ing). Moreover, defining the quantity

—/ dén x (n x ,B)exp(18\11) =0V, + ¢>V¢

and by using Eq. (15), the angular and spectral distribution of
the radiation emitted by a single electron can be expressed as

e oT?(Va|* + |V, ), (17
dQdw (2 2 v ¢
with
1 i o\ . T
V)= — T ) pldwn(T/2-60) ; Aw, —
[ E (pz wo) e sinc w, >

ho
X { cos@ Cos Qvy + cos 0 sin pvy — sinOh ] Jntom

x| p1— @ + ap cos@sm¢+sm9
w 4h0

w
X ( n+2m—1 </01—> + ]n+2m+1 (101_>>
wo

+ sinf —

2 w w
n+2m 2\ P1 +Jn+2m+2 P1 5
8/’[0 wo wo

1 = 0} T
Vo= > <Pz w—0> eltenT 276 ginc <Awn 5)

m,n=—00

X {[Sin¢vx - Cos¢vy]Jn+2m <101 2)
wo

1 w w
—cosp-ao|Jnrom—1|p1— | + Jnyoms1 | o1— .
2 wo wo

(18)

In Eq. (18) we have introduced Aw, = pyw — nwy and
sinc(x) = sinc(x)/x. Equation (18) should be meant either as
exact or approximate, depending of the real shape of the pulse.
For a sharp flat-top pulse Eq. (18) is exact and the dependence
of the scattered-radiation distribution on the initial phase is
included having substituted the initial momentum uyo with
Uy — do €08 ¢. For a smooth flat-top profile Eq. (18) is ap-
proximate since the scattered radiation generated during the
rising and falling fronts of the pulse has been neglected. Since
for a smooth flat-top profile Ao/c < Tr <K T, the relative er-
ror introduced by truncating the time integration in Eq. (18)
in the plateau region is of the order T /T < 1.

Each component of \7 is obtained as a sum of harmonics,
each peaked at the resonance frequency w, = nw and having
full width at half maximum Sw,,, with

o 1.2Q2m) 1.2
wp = —, Sw, > = —WF

L0 ,OOT N, c
(see also Eq. (15)), N, being the number of cycles of the laser
pulse (N, = woT /(21)). The relative spectral width (§w,, /w),)
of each harmonic in Eq. (18) reads

Sw, N 1
wy, “nN.’

(19)

In the estimation of Eq. (17) we are faced with the square
modulus of each V term, so in the general case the scattered
photon spectral distribution is made up of a sum of products
of harmonics of Vy and Vy with different harmonic numbers.
Note, however, that a sensible overlapping between different
harmonics can occur for very low pulse durations (namely
N. <2,ie. T < 7fsforaXy = 1-um pulse).

Let us consider as an example the cases of an electron mov-
ing exactly along the z direction with yy = 10 (i.e. of energy
~ 5MeV), colliding with two different sharp flat-top pulses
of normalized amplitude ay = 1.5, wavelength Ag = 1 um
(i.e. of intensity / ~ 3 x 10'8 W/cm2) and different durations
T, = 3fs and T, = 20fs, respectively. Both the pulses have
an initial phase ¢g = 7 /2, so that the mean value of the vec-
tor potential is null. The computation of the scattered-photon
distribution is obtained with Egs. (17) and (18) and the results
are sketched in Figs. 3 and 4, where the distributions in the
plane x = 0 (¢ = 7/2) are shown. In both the cases the scat-
tered photons are emitted forward of the electron velocity into
a cone of approximate aperture & 1/y,. However, the spec-
tral distributions are very different: in the case of the 20-fs
pulse a clear harmonic distribution is present (see also [7]),
while in the case of 3 fs the regular distribution of equally
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FIGURE 3 Spectral and angular distribution in arbitrary units of the pho-
tons emitted by the head-on collision between a 5-MeV electron (yp = 10)
moving along the z axis and a laser pulse of amplitude ap = 1.5, wavelength
Ao = 1 pm, duration 77 = 3 fs and initial phase ¢9 = 7/2 (@ = 0). The radi-
ation is collected at the azimuthal angle ¢ = 7/2 and is mainly emitted into
a cone of aperture ~ 1/yy. The scattered-photon pulsation is shown in units
of the fundamental frequency wp = wg/pp on the axis. Note that the spectral
distribution does not resemble a sum of harmonics

spaced peaks is lost due to the overlapping between different
n's in Vy and V.

If either @ # 0 or the electron is initially traveling off
axis, the resulting scattered photons are distributed mainly
into a cone whose axis is aligned with the vector ¥ (see
also [29], in which the effect of the initial phase was not
taken into account). In order to make this more evident, let
us consider the Thomson scattering between a laser pulse
and an electron having the same parameters as the former
example but where the direction of ¥ is now off axis with inci-
dence angle 8, = 50 mrad and azimuth angle ¢. = 7 /2. Since
1/y0 = 0.1, we expect that the radiation will be mainly emit-
ted into a cone having direction (6. ~ 0.05rad, ¢ = 7 /2 rad)
in spherical coordinates, having an aperture & 2/yy &~ 0.2 rad.
The scattered radiation is then collected into a cone of half-

d N, /dE dQ

aperture Oy, = 0.2rad aligned along the z axis and the re-
sulting scattered-photon distribution in the plane ¢ = 7/2 is
shown in Fig. 5.

24 Small scattering angle approximation

Usually the angular divergence of relativistic elec-
tron beams produced by standard RF accelerators is very low
(values of the order of a few tens of milliradians are quite
common) and electron beams obtained with novel accelera-
tion schemes (e.g. laser—plasma accelerators) may have angu-
lar divergences of a few degrees as well [32, 33]. As stated
before, the incidence angle of the particle in the pulse plateau
0. depends on the a parameter too, so that in the following we
will suppose that vy = uyo + a is negligible with respect to the
longitudinal initial momentum v, = u,; this is accomplished
either by carefully tuning the initial phase for the sharp-plateau
case or by using a pulse with a sufficiently high rising time. If
a pulse with a very short rise time is employed, so that a is not
very small with respect to u,g, the small-angle approximation
is valid provided that the electron bunch is initially moving
off axis with |uyo| < U0 and |uyg + a| < uy.

In the following we will suppose that each particle of
the bunch is ultra relativistic (3 >> 1) and interacts with
a pulse of amplitude ay < +/8yp. In this case the scat-
tered radiation is emitted mostly in a cone with aperture

V1 +a3/2/vo < 1 (see below). For these relativistic beams

both incidence 6, and scattering 6 angles are small, so that a
more simplified expression for the scattered-photon distribu-
tion can be found by making the following approximations:
Bo~1— 1/(2)/02), sinf = 6, cosf =~ 1 —62/2, sinf ~ 6
and cos @ >~ 1 — 6?/2 in Eq. (18), giving

1 2 T
— Z Im <p2—> eitenT/2780) ginc <Aa),1 —>
wq 2

_2‘}/0 m,n=—00
2
ag ®
X H:V@e cos(p—ge)—y0 <1——2>] Jn+om (pl—)
87/0 wo

FIGURE 4 Spectral and angular distribution in arbitrary
units of the photons emitted by the head-on collision be-
tween a 5-MeV electron (yp = 10) moving along the z
axis and a laser pulse of amplitude agp = 1.5, wavelength
Ao = 1 pm, duration 7> = 20 fs and initial phase ¢o9 = /2
(a = 0). The radiation is collected at the azimuthal angle
¢ = m/2 and the scattered-photon pulsation is shown in
units of the fundamental frequency wg = wo/po on the
axis. Since N, = 6, different harmonics are well separated
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d N, /dE dQ

1 . w w
+ |:§ao qu{| (Jn+2m—l <P1—> +Jnoma1 <,01 —>>
(O] (O

a; w w
+ 10— | Jntom—2 | o1— ) +Tprome2 | P1—) )¢ »
16y, o o

oo

1

w . . T
I <p2_> elAwn(T/Z—Eo) sinc (Aa)n _
Y0 wo 2

m,n=—00

. w 1
X {VOQe sin(¢ — ¢e)Jn12m (p1w—0> - COS¢§a0

w [0)]
X <Jn+2m—1 (;01_) + Jutomt1 <,01—>>} , (20)
wo wo

where the following approximated relations for p; are used:

1 1,
Po~— [ 1+ () + zaq |,

4ys 2
o . .
P12 —5 [100 sing — ypbe sinpe] , (21)
2y
2
~ _%
P2 = 16y )

and where § = (9% + 62 — 26 - 6 cos(¢ — ¢))'/? is the angle
between v and 7. In the small-angle limit the fundamental
frequency wr reduces to

4y¢
= T 2 wyg.
[1 + (Yo0)* + an]

(22)

For a given azimuthal angle ¢ the minimum value of 6 is
realized at the scattering angle

Om = Oc cos(|p — ¢el).

At this angle 0% = 962 sin(¢ — ¢.) and the maximum value of
the fundamental frequency at ¢ fixed reads

(23)

4 2
M = Yo .

[1+ (robe sin(¢ — ¢e))* + 343 ]

24)

FIGURE 5 Spectral and angular distribution of the photons
emitted by the head-on collision between a 5-MeV electron
(yo = 10) with an off-axis v vector (6, = 50mrad, ¢ = 7/2)
and a laser pulse of amplitude ap = 1.5, wavelength Ao = 1 um
and duration 7> = 20fs. The radiation is collected at the az-
imuthal angle ¢ = /2 and the scattered-photon pulsation is
shown in units of the fundamental frequency wp = wg/po at

O =06, d = ¢e)

The absolute maximum of wg is obtained with (6 = 6., ¢ =
¢e) (sothat & = 0), i.e. when we observe the scattered photons
in the same direction as the effective electron initial momen-
tum v (see also [29]).

2.5 Long-pulse limit

Let us consider the case of a long laser pulse, i.e. a
pulse with a large number of cycles N. > 1. Since the width
of each harmonic in Eq. (18) is much lower than the harmonic
spacing (w,+1 — w,) = wg, the following approximations can
be employed:

el(Aen =80T /2=80) sinc(Aw,, T /2) sinc(Aw, T /2)

. 2 w
2 S SINC(Aw, T /2) I | p2—
wo
w
= Jm(l’léz), -Im <I01_> = -Im(nel)v forw =~ Wy, (25)
o

where we have introduced the parameters

. —ﬂ—a [ siné sin ¢ — vy(1 4 cos 6)]
e Po 0 [hé—@ﬁ%—ho sin 0(vy cos ¢+vy sin @) ] '
P2 ag (1 4+ cosb)
EO=—=— = s
o0 8 [h2— D2 sin (v, cos -ty sin g)]

(26)

and we have neglected the small dependence of the Bessel
functions on their arguments within the spectral range of a sin-
gle harmonic. This is justified provided that the combinations
of parameters €; /N, and €, /N, are well below unity, because
the error 8/ introduced by approximating J,,(p12 @/wp) as
]m(npl,Z/wO) is

8Jm ~ (101,280)11/wO)];;1(np1,2/w0)
=(€1,2/N)Jm-1(n€12) — Jpy1(nerp/wo)l/2.
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As a result, the scattered-radiation distribution (Eq. (17))
can be approximated in the long-pulse limit as

d’N o T2 2
190 = B ® Z { sinc <Aa),, ) (ICy(n, 0, $)|
+ |c¢(n,9,¢>|2>}, ()
where
Co(n, 6, ¢)——— Z Tn(ner)
m=—0oQ
X { [cos@ €cos ¢vx + cos @ sin vy — sin Gﬁg]
X Jpyom(ner) + ag |:cos 6 sin ¢ + sinf — ]
4hy
X (Jn+2m—l(n€l) + Jn+2m+1(l’l€1))
2
+ Slnegh (Jn+2m 2(”61) + In+2m+2(nel))}
1 o0
Cyp(n,0,¢9)=— I i X —
¢(n,0,¢) o m;w (ne2) {[Slnqﬁv cos ¢y ]

1
X Jn+2m(n61) — COSs ¢Ea0 (Jn+2m71(n61)

+ ]n+2m+1(n61)) } . (28)
For a given scattered direction, the radiation spectral distri-
bution consists of a sum of equally spaced harmonics of a
fundamental pulsation wr = wp/pp. Since the natural line
width of each harmonic is very small, it can be useful to
express the spectral dependence of d’N/dwd2 by means
of Dirac deltas. By using the limit sin(/x)?/(Ix?) — w8(x)
for I — oo, the scattered-photon distribution can be further
approximated as

&N ~iC( 0, $)8(w — nwr) (29)
dQdw — &  9)3(@ = nw),
where
1
C(n,0,¢) = anNe—(ICo(n, 0, $)* + |Cy(n, 6, $)1*)  (30)

0

is the angular distribution of the scattered photons in the nth
harmonic.

2.6 Small scattering angle in the long-pulse
(SALP) limit

The long-pulse and small-angle approximations
can be applied together for most of the Thomson backscat-
tering experiments which can be performed nowadays, since
the available ultra-intense laser pulses have durations exceed-
ing tens of femtoseconds and usually ultra-relativistic elec-
tron bunches with reduced angular divergence are employed.

To get the SALP (small-angle, long-pulse) approximation of
the scattered-photon distribution we start from the long-pulse
limit (Eq. (27)) and we make the small-angle approxima-
tion in Eq. (28) supposing that 6§ < 1, 6. < 1 and yp > 1,
giving

o]

SALP
C9 _—z—yom;oo .]m(néz)

2
x {[yee cos(p — ¢e) — y0 (1 - 8“—;)] Tusam(ner)

0

L
+ I:EaO Slﬂ¢i| (Jn+2m71(n61) + Jn+2m+1(n€1))
2

+0-%0
16y

Z Jn(nes)

m=—00

(Jnv2m—2(ner) + Jyjomya(ner)) } , (31

S ALP

X {y()ee Sin(¢ - ¢e)Jn+2n1(n61)
1
- COS¢500 (Jngom—1(ney) + Jn+2m+1(n€1))} .

In the SALP limit the €; parameters reduce to

[v00 sin¢ — o0, sin ¢ |

SALP
€ o =

! [1 + ()/092)2 + %aé] (32)
62SALP 1a2 1

T4+ 0022 + ad]

We are able to obtain a simplified expression of Eq. (31),
which is valid when we observe the scattered radiation in
exactly the same direction as v. When (6 = 6,, ¢ = ¢.)
the €; parameter is null, so that J,(pe;) = dp4. By us-
ing the relation (J,—;(x) 4+ J,4+1(x)) = 2a/x)J,(x), Eq. (31)
reduces to

1
CoAP(n, O, pe) = ——

2y0
! 6 J. (ney)
— _n(ne n = even
4)/02 Yobed —nj2(né€y
X 1 .
Fdsin Ge (J_(r-1)2(ne€2)
+ i (ne)) n = odd (33)
1
CA(n, 0, o) >~ ——
2y0
0 n = even
1
x 7% cos Pe (J_(u-1y2(ne€2)
+ J—(n+1)/2(7l€2)) n = odd

Note that in Cy the even-harmonic term is negligible in the
SALP approximation, so that the peak value of the nth odd
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harmonic yield becomes

Yodo

2
X J_ n—1)/2 na—o
=0/ 4+ Zag
+ J n a(z) :
—(n+1)/2 pan 2a5 ;

while even-harmonic radiation is null. This result generalizes
Eq. (39) in Ref. [7] for the case 6; 7~ 0

C(n, 6., ¢pe) =an N <

(34)

2.7 Linear Thomson scattering

The nonrelativistic quivering limit can be derived
by Egs. (15), (17) and (18) by performing a perturbative ex-
pansion of V on the laser strength parameter ag up to the first
order. The p; parameters reduce to

1
o= [h§ — (14 cos O)hov,

0

— ho sin6(vy cos ¢ + vy sing)] , (35)

1
01 :aoﬁ[ho sin@ sing — vy (1 + cos H)],
0

02220

and, by using the following small-argument expansion of
the Bessel functions J,(x) =8¢, + 1/2x(81, , —6_1,,) +
O(x?), we can approximate J,(p1w/wp) and J,(prw/wy) as

1 o
Jp(plw/w()):aO,p + =0 (81,[7 _5—1,[7)»
2 (O]

(36)
Jo(pr00]@0) = 1 (0) = 8.

The resulting scattered-photon distribution is computed by
Eq. (17) with

0 2 wo

+ cos 6 sin pvy — 2sinHhgv,]

% aog . A T 1l w [ 9 ¢
~ —— SInc wi— — — |COS U COS QU
T h : 2h2

X [hosinf sing — vy(1 + cos0)]

v
0 si . e_y ’
+ |:cos sin ¢ + sin 4h0:| }

T 1
V=22 ginc Aw;— —ﬂ[sin¢>vx — cos guy]
* o 2) | 2h2 w0 g

X [hosin® sing — vy(1 + cos )] — %cosqﬁ} . 37

As expected, only the fundamental harmonic w =~ wp =
wp/ po 1s present.

To deal with a more tractable expression for the Thomson
backscattering of a laser pulse with an ultra-relativistic elec-
tron having a small incidence angle 6. < 1, we employ the

small-angle approximation in Eq. (37), giving

&N «  alT? [

N B 4()/09 sin ¢ — o0, sin )
dQdw — 16Q27)> yZ

(1 + (v

. of(T
X  sinc E(,ooa) —wy) |, (38)
where the po parameter has been simplified as py =
(1 + (10)*)/(4y$). We observe that the fundamental fre-
quency wg = 4)/02w0 /(1 + (1%0)?) reduces to the well-known
scattered-radiation frequency 4)/02400 /(1 + (10)?) for the case
of backscattering onto an electron moving on axis (see e.g.
[8D).

A further simplification (SALP) is obtained supposing
both small angles and a very long pulse. In this case the spec-
tral distribution of the photons emitted in a given direction is
well approximated by a Dirac § function, giving

2N SALP
dQdw

2 Voz
ZOlN an—————=————
O (b))

(yof sin ¢ — yofe sin @e)*
x|1—4 I
1+ (1))
4 2
X & <C() — %w()) .
1+ (nf)7)
An integration over the photon energies is now straightfor-
ward and the resulting angular distribution can be expressed

involving the differential cross section for the linear Thomson-
scattering process do /d<2:

(39)

d_U A2 Vo2
dQ T 01+ (h)2)2
(08 sin ¢ — b sin ¢e)’
x |1—4 5 s
(1 + (yf)?)

(40)

where rg = e?/mec? is the classical electron radius and the
angular integration of Eq. (40) yields the total Thomson
cross section o, = 8nr§ /3. It is customary to note that the
Thomson differential cross section (40) for electrons mov-
ing on axis in the pulse plateau (v, = 0) reduces to the
well-known cross section of the Thomson scattering valid
for 0 <« 1 and yp > 1 (see e.g. [30]):

(14 y50%)

do
~ 422 07 T
O (14 y207)

i 41)

We conclude this subsection by giving an approximated
expression for the spectral distribution S(w) = dN /dw in the
SALP limit of the scattered photons which are generated by
linear Thomson backscattering of an electron moving on axis
in the pulse plateau and collected forward of the electron
velocity within a cone of half-aperture Oyp.x. This expres-
sion can be employed to obtain a rough expression for the
spectral distribution of the radiation generated with very low
transverse emittance electron bunches (see Sect. 3) and it is
simply obtained from Eq. (39) with a straightforward change
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in variables, giving

a Ta(z) 2 2 2.2
6_4a)3y6 (a) —dwwyy” + 8wyy )
S(w) = 492 42
(@) 14 w02 < w < 4y, (42)
1 + yzeMax
0, otherwise.
2.8 Radial inhomogeneity effects

We are now able to deduce a posteriori simple
relations stating the strength of the effects produced by
the radial dependence of the laser pulse amplitude on the
scattered-radiation distribution. A ‘direct’ effect is merely
induced by the dependence of the peak frequency and an-
gular distribution of the harmonics on the square of the laser
strength (a(r) = ag exp(—r2 / w%) for a standard Gaussian pro-
file), which in turn introduces a dependence of the scattered-
radiation distribution on the radial distance r of the particle
from the pulse axis. An ‘indirect’ effect is caused by the
transverse ponderomotive forces, which generate a particle
transverse momentum, thus inducing the particles to escape
from the on-axis region of the pulse.

Let us consider an electron moving relativistically (yo >
1) withasmall angle 6, (i.e. v; < v, 2 yp) and experiencing a
head-on collision with a pulse. As has been stated in Sect. 2, if
the pulse has a large amplitude the longitudinal ponderomotive
forces of the rising front do reduce the longitudinal momentum
of the electron during the interaction i,, which is lower than
its initial momentum by a factor i, /u, ~ 1 — a}/8y¢ (see
Eq. (10)), so that the incidence angle of the interacting particle
is amplified correspondingly:

Be
1—a(2)/8y02'

Note that tan@ diverges if ao approaches /8y, so in the
following we will consider only scenarios in which tanf ~ 8,
i.e. the incidence angle of the particle inside the pulse is
well below unity. The particle interacts with the pulse for
a time fiy = T/(1 + BY) =~ T(1 + a2/8y7)/2, which has its
minimum value of 7' /2 for a low-intensity pulse (¢ < NG Y0)-

We consider first the direct geometric effects. The radial
coordinate of the particle during its interaction with the pulse
varies in the range [ro — 6(ctin), 7o + 6(ctin)] and should be
compared with the pulse waist wy. Therefore, an effective

radial coordinate 7o = /rg + (Bctin)?* can be introduced. As

aresult, geometric radial inhomogeneity effects are negligible
if the initial radial position and incidence angle of the electron
satisfy

0ecT \*
resz = I'g + ( 2ﬁL ) < w%’

where B ~ (1 — a2/8y3)/(1 + a /8y¢) (see Sect. 2).

A second effect is the radial drift velocity produced by
transverse ponderomotive forces (TPF), which have been fully
neglected in the derivation of the particle trajectories. Let us

tanf ~ (43)

(44)

now switch on TPF (see e.g. [34] and references therein) in
the particle dynamics:

2
Flf=-—

V. (|A]P),
) e ()

(45)

where 7 is a mean over a pulse oscillation of y = (1 +
12(r))'/2. The time derivative of the normalized transverse
momentum can then be written in terms of the transverse
spatial derivative of the normalized pulse amplitude as

d N
(%) =pve
dt Jpr 27
With the hypothesis that TPF will introduce small changes
in the particle dynamics and by using relations (6) with
(lvsl, vy ) < v, 2 yo, we find 7 = yo(1 + a5 /8yy), so that

the variation induced by TPF of the radial momentum can be
estimated as

TN 2
suTPF (d”J_> e ((LT)'efzfao) '
dr J rpp Yowy

Equation (47) is valid provided that |8uIPF| L AV ())? ~
ao/ /2, so that the relation (cT)regao/ vo wé <« 1 must be ful-
filled, too.

The net effect of the transverse ponderomotive forces is
the refraction of the particles away from the pulse axis, with
a refraction angle 6g =~ (SMIPF/IZZ ~ (cT)reffa(z) / [y()zwé(l —
a(z) / 8)/02)]. A criterion for determining the validity of neglect-
ing transverse ponderomotive forces in the estimation of the
Thomson-scattered radiation is obtained by imposing an up-
per limit on 6g. As before, the radial excursion of the particle
during the interaction with the pulse should not exceed the
pulse waist, which means that Or < 2wo/[cT (1 + a3/8y)]
or

ag(cT ) res
2y Brwy

must hold true. Note that Eq. (48) can be rewritten by defining
an effective incidence angle

O1pr = (CT)’Aeffa(z)/(Vozw%)’

which takes into account the effects of TPF since the very
beginning, and imposing that (see Eq. (44))

GTPF < 2ﬂ;“U)()/CT.

(46)

47)

(48)

(49)

(50)
As a result, the effect of TPF is to increase the incidence

angle of the particle to a value O ~ /62 + 9%pF, so that Otpg
should be taken into account when we make estimations of

the blurring effects on the scattered-photon spectrum.

If relations 44 and 50 are fulfilled, the relative shift of
the fundamental frequency of the radiation emitted by two
particles having (ro # 0, v, # 0) and (9o =0, v, = 0), re-
spectively, can be approximately estimated as

3(a3/2)
(1+ 302 + a3 /2)
2a} (rgff + (ekcrimP)

= (14 y$0% + a3 /2) w?

Swp/wp =~

(1)
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The blurring in the scattered-radiation distribution introduced
by the radial dependence of the pulse amplitude is then of the
second order in the ratios Or(ctin)/wo and regr/wo and it is
more evident when the photons are collected forward of the
initial direction of motion of the particle.

3 Thomson backscattering by an electron bunch

In dealing with the estimation of the scattered-
photon distribution generated by the head-on collision of an
electron bunch and a laser pulse, we have to sum up inco-
herently the contributions of the single electrons, i.e. we in-
tegrate over the scattered-photon distributions of the particles
of the bunch. The computation of d’>N /dwd 2 reported here
is valid provided that the pulse is linearly polarized (along y,
for instance) and flat topped. The employed plane-wave ap-
proximation also imposes a higher limit for the bunch (o1.) and
pulse (¢T) lengths, namely (o1, ¢T (1 + a3 /8y2)/2) K Zgr =
7w} /Ao, where ¥y is the minimum Lorentz factor of the parti-
cles in the bunch. Also, for a given pulse duration, the charge of
the bunch should be low enough to let the space-charge effects
be negligible during the interaction [7]. In order to neglect the
pulse transverse inhomogeneity effects, the transverse bunch
size or should be smaller than the pulse waist and the angu-
lar divergence A6, of the bunch should satisfy the relations
(44) and (50) with the substitutions g — o, 0. — Ab./2
and Y9 — ¥m. Moreover, for extremely short pulses, we must
take into account the effect of the pulse rising front, too. Since
in the plateau the temporal mean of the transverse momentum
along y is vy = ily = uy + a, it is mandatory that the initial
phase ¢ be fine tuned so as to ensure that ity /ii, < Ab,.

By introducing the transverse ®(y, 0, ¢e, I'.) and spectral
F (y) distributions of the electrons having initial energy E =
ymec?, incidence angles (6., ¢.) and radial coordinate 7, we
can write the total scattered-photon distribution of an electron
bunch as

d®N

Bunch i ( dQdw > ithelectron

= / dydbB.dpedr F(y)O(y, O, Pe, Fe)

d>N
dQdw

d’N

“(ana) .0
dQdw Y 1Berdorre

where (d’N /dQdw), g, .. is the photon distribution pro-
duced by an electron with energy y m.c?, incidence angles
(Oe, @) and initial radial coordinate r.

Expression (52) can be applied both in the exact relation
(18) and in all the simplified limiting cases described in the
previous section and it shows the simplest form in the case of
linear Thomson scattering in the SALP limit:

(52)

SALP

d>N
~aN.a3 / dy dfedgedre exp (—2r2 Jwg)
Bunch

dQdw

)/2

x F(y)O(y, O, ¢e, re)m
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[ (y0sing — y0 sin ¢e)2]
x |1—4 =
1+ (y6)?)?
) < 4y? ) (53)
w— ————=—— W, .
A+ R "

where 02 = 6% + 962 — 26 6, cos(¢p — ).

A remark is needed here. In a previous work of Catravas
et al. [8] (see also [14]), a relation linking the scattered-
radiation distribution for an electron bunch to the yield of a
single electron moving on axis was given in the case of small
scattering and incidence angles and nonrelativistic quivering.
The relation involved a convolution in the form

d’N
dQdw

~ / dy / dfedre exp (—2r7 /wg)

(@,0,9)

2 0.=0
X F(y)O(y, b, re) <—) (0,0 =6, ¢), (54)

dQdw /,

where invariance over the azimuthal angle of the particle dis-
tribution was supposed and where (d’N /dQdw)%=" means
the scattered-photons distribution generated by a single elec-
tron having 6. = 0. The relations (53) and (54) do not match.
However, Eq. (54) is an approximation of Eq. (53) obtained by
substituting ¢, with ¢ (case 6. > 0) or ¢ —  (case 6, < 0),
by which & — (0 F6,) for 6, > 0. We stress that, as will
clear below, Eq. (54) is a good approximation of (53) in the
case 0 < 6, but it underestimates the effects of the bunch
divergence when 6>6..

To apply the linear Thomson scattering formula (53),
we consider first the simplest case of backscattering be-
tween a pulse having ap < 1 and a bunch with a negligi-
ble angular divergence, Gaussian transverse spatial envelope
O(re) = re exp(—r2/202)/(2m o) and a small energy spread
AErwam/E < 1. Since the incidence angle 6. of each par-
ticle is null, we immediately note that, once the acceptance
angle Oy, is fixed, the spectral distribution of the collected
photons can be obtained analytically from Eq. (42) by taking
also into account the dependence of the pulse amplitude on
the radial coordinate. This can be pursued by introducing a
filling factor

F= [ f dre exp (—2r2/w§)d>(re>] / [ f drecb(re)}

which in this case reduces to F = (w%/[wé + 40T2]). A
complete computation of the spectrum would require that an
energy integration over the particle’s energy is performed.
However, for the case of bunches with small energy spread,
the particle’s energy distribution can be approximated as a
Dirac delta function, obtaining a scattered radiation spectrum
of the form

o Ta(z)
64 wly®
4 2
1 + yzeMax

0, otherwise,

(a)2 — 4wwoy? + Sa)(z,yz)

S(w) = (FNe) (55)



430 Applied Physics B — Lasers and Optics

o
e

(6) [1/eV]

Y

d® N /dE d cos

35 3

FIGURE 6 a Angularand spectral distribution integrated
over the azimuthal angle of the scattered photons of a
Ti:Sa laser pulse of flat-top temporal profile with dura-
tion T = 1ps, peak amplitude agp = 0.1 and waist size
wo = 30 pm and an electron bunch with negligible angular
divergence and narrow energy distribution with mean en-
ergy of 40MeV (y = 80) and spread E/E = 2.5%. The
distribution has been obtained by summing up the contri-
butions of randomly generated sample particles. b Spec-
tral distribution of the radiation collected within a cone of
half-aperture Oyax = 2/y = 250 mrad. The solid line has
been obtained by integrating the distribution in (a) and
the dashed line is the analytical result (55) valid for both
negligible divergence and energy spreads

dN,/E [1/eV] &

— Monte Carlo
== Analytic. AE=0

0 . ) L L

2 25 3 35 4
Photon Energy [eV]

0 05 1 15

y being the mean Lorentz factor of the bunch. This formula is
very useful when we want to get started with the estimations
of the expected spectral width and the number of photons,
provided that the acceptance angle is fixed. As a first result,
we note that the nonzero part of S(w) is almost flat, so that the
energy spread is basically given by the maximum and min-
imum energies in the range, i.e. w/ max(w) =~ yzefdax, thus
giving a spread of 100% for fy,x = 1/y. Let us introduce the
parameter Y = Oy y and let Nac.(¥) be the number of pho-
tons collected into a cone of half-aperture Oy.x = /Y. In the
limit of very small energy spread and angular divergence of the
bunch, N can be estimated by integrating Eq. (55), giving

2(1L+ 92 +294/3)
(I+yn

Note that for ¢ < 1, Nace o %2 and Sw/w ~ ¥, so that
the well-known relation Na.. & (dw/w) is recovered (see
e.g. [8]). We compare the spectrum (55) with that obtained
by summing up the contributions of a set of 10? randomly
generated sample particles (Monte Carlo estimation) of a
bunch having mean energy E = 40MeV, energy spread
AEpwam/E = 2.5% and transverse size oy = 10 um, collid-
ing with a pulse with a waist size wy = 30 pm and duration
T = 1ps. The scattered-photon distribution of each sample
particle has been obtained with the SALP formula for the
linear Thomson scattering (38). The results for an acceptance
angle Oyax = 2/y = 250mrad (¥ = 2), reported in Fig. 6,
clearly show the accuracy of the simple estimation (55).
Equation (56) states that the efficiency of the linear
Thomson scattering process increases with the bandwidth
of the collected radiation. This means that, among the pos-
sible applications of such X-ray sources, those employing
X-rays with moderately low energy spread can take ad-
vantage of the larger number of photons irradiating tar-
get. Mammography [35] is a pertinent example of such an
application, since it can employ Thomson-scattered X-ray

1
Nace(¥) = (fNe)anoTaéw (56)

45 5
x10

beams with an energy spread of the order of 20% with-
out a sizable reduction of image quality with respect to the
images obtained with monochromatic synchrotron-radiation
sources [S. Stumbo, U. Bottigli, B. Golosio and P. Oliva,
private communication (2004)]. If, instead, the aim is to
produce quasi-monochromatic X-rays, the radiation must be
collected into a cone of very small aperture, i.e. small ¥’s
are required. To show this, we report in Fig. 8a) a se-
quence of spectra obtained with the Monte Carlo method
by using progressively smaller acceptance angles, as well
as the analytic result (55) with ¢y = 0.3. In Fig. 8b) we show
the number of collected photons as a function of i for both
the analytical and Monte Carlo estimations, which seem to
agree remarkably well.

Consider now the linear Thomson scattering process of a
laser pulse and a bunch presenting negligible energy spread
but sizable angular divergence. We focus on a bunch hav-
ing energy Ey, = 40 MeV and divergence Af, = 25 mrad, by
computing the spectrum of the scattered photons collected
within three acceptance angles (Oy.x = 12 mrad, 25 mrad and
65 mrad). The comparison between the spectra obtained with
Eqgs. (53) and (54) (see Fig. 7) clearly confirms a good agree-
ment between the two curves for Oyp,x <K 6, while the simpli-
fied expression 54 completely fails in estimating the spectral
distribution for Oppax > 6.

The formulas derived in Sect. 2 for the Thomson
backscattering of a laser pulse moving exactly along the
z axis by a quasi-counterpropagating electron constitute
useful tools to evaluate (e.g. via Monte Carlo methods)
the distribution of the photons scattered by an ultra-
relativistic electron bunch with reasonably good beam qual-
ity. If Thomson backscattering is employed with the aim
to generate short, quasi-monochromatic and bright X-ray
pulses (Laser Synchrotron Source, LSS), the key bunch
parameters are the beam energy, charge and emittance.
The charge and mean energy control the total number
of scattered photons and their maximum energy, while
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] FIGURE 7 Spectral distribution of the photons produced
by linear Thomson scattering between a pulse with N¢ > 1
and an electron bunch of mean energy Ey, = 40MeV pre-
senting a negligible energy spread but sizable angular diver-
gence A6, = 25 mrad. Both the Monte Carlo computation
based on Eq. (42) and the simplified expression used in

1 L 1 L
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=== Asympt.
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8.? 0.75 08 0.85 09 0.95 1 1.05 1.1

the literature (Eq. (54)) are employed. a Results for an ac-
ceptance angle Oyjax = 12 mrad. The simplified computation

— 1E T T T T T = T ] agrees quite well with the detailed estimation. b Results for
=1 'y .
. —— Monte Carlo 73 b) an acceptance angle fyax = 25 mrad. The matching between
S, === Asympt. ) the two curves is not very good. However, the simplified ex-
2 05+ [} 4 pression still gives a reasonable spectrum. ¢ Results for an
ed = '._ acceptance angle Oyux = 65 mrad. The matching between
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the emittance basically limits the possibility to reduce
the energy spread of the collected photons. On the laser
pulse side, the product between the wavelength and the
delivered energy is proportional to the number of in-
coming (and thus to the scattered) photons. Here, we
will concentrate on the effect of the bunch divergence,
since many details of LSS have been reported elsewhere
(see e.g. [7-9]).

In the following we will consider two kind of bunches. The
first is produced by standard RF photocathode guns, which
can generate beams with a remarkably good quality (see e.g.
[36]). The second kind is obtained by using laser—plasma
accelerators with some controlling technique of the beam-
injection mechanism [37—40], which seems to be able (at
least in ‘virtual experiments’) to produce electron bunches
with low emittances as well.

1.05 11

31 Standard RF guns

3.1.1 Linear regime. We now analyze the case of an X-ray
source of photons having energy Ex ~ 40keV, a typical value
for X-rays employed for medical diagnostics [23, 24]. We
consider a laser pulse of wavelength Ag = 0.8 um (Ey =
1.56eV) and an electron bunch of energy E, =40MeV,
charge O, = 1.6nC, transverse size or = 10 um and length
oL = 150 um. Such a bunch thus contains N, = 10'° elec-
trons moving with y & 80 roughly along the z axis and expe-
riencing a head-on collision with the pulse. The laser system
delivers pulses of energy E = 0.4] and duration T = 1ps
with a flat-top temporal profile, with a Gaussian transverse
envelope of waist wy = 30 um. Since for such a long pulse
duration the pulse rise time can be of the order of a hun-
dred femtoseconds, we assume that the mean potential @ is

25 X 10* .
; 2K = “lI = 0.4 \P = 0_3 -
3 --- y=03 /
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3 rpl—v=01 ) |
T o5k \'\i R “ |
0 L ‘\' le = s . 1
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Photon Energy [eV]
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x 104
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L N i Analytical A E =0

Nacc(y)/NTotal
o

i FIGURE 8 a Spectral distributions of the scattered pho-
tons for a system as in Fig. 6, obtained with different
acceptance angles Ovax = ¥/y. The thick solid line has
been obtained with the analytic spectrum (55) for ¢ = 0.3.
b Total number of collected photons Nacc() for both
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the Monte Carlo and analytic estimations. The numbers
have been normalized to the total scattered photon number
Ntotal = ZNACC(W =1

0.35 0.4
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FIGURE 9 Spectral distributions of the scattered photons in a scattering
process by a pulse having the same characteristics as in Fig. 6. The bunches
have now a narrow energy distribution with AE/E = 0.25% and a Gaussian
distribution in the incidence angle 6. with variance oy = A6, /+/8log2 ~
AB./2.35. The spectra of the scattered photons are obtained by integrating
the spectral and angular distributions within an acceptance angle Oyax =
0.2/y. Several bunches with different emittances and thus divergences A, ~
26#‘ /yoT up to Afe = 2/y are considered

completely negligible. Both the bunch (o7, = 150 um) and
the pulse (¢T =~ 300 um) lengths are much lower than the
Rayleigh length Zg = w3 /Ao =~ 3500 um, so that the plane-
wave approximation holds. Also, since the peak amplitude is
ap = 0.1 <« 1, linear Thomson-scattering formulas will be
used.

Our calculations are valid provided that the bunch angu-
lar divergence is limited to Af. <2wq/cT ~ 200 mrad, a very
large value if compared to record numbers of a few milliradi-
ans of modern RF photoguns. Because of the low value of ay,
transverse ponderomotive forces can also be neglected. The
scattered-photon distribution is obtained with a Monte Carlo
method by summing up the contributions of single particles
in the SALP limit (see Eq. (53)).

In the following, we will consider several bunches pre-
senting different values of transverse normalized emittances
€ >~ yorAf./2. As in the case of negligible angular diver-
gence, we will be mainly interested in the spectral distri-
bution of the scattered radiation, which will be estimated
with a Monte Carlo method based on the SALP approx-
imation (Eq. (53)). The randomly generated sample parti-
cles are now distributed with a very narrow energy spread
(namely AEy/E, = 0.25%, a value reachable with currently
available RF photoguns). Such a spread introduces a very
small energy spread dw/w ~ 2AE,/Ey, >~ 0.5% on the scat-
tered radiation, so that the angular divergence effects can be
clearly highlighted. In Fig. 9 the spectra of the scattered ra-
diation collected into a cone of half-aperture Oy,x = 0.2/y
for beam transverse normalized emittances ranging from 0 to
10mm mrad are reported. For a transverse size of the beam
ot = 10 um the beams are characterized by angular diver-
gences reaching Af.y >~ 2. The net effect of the angular
divergence is, as is well known, a spreading of the energy
distribution of the scattered photons. To reach the goal of a
5% FWHM energy spread, for example, a bunch with an-
gular divergence not exceeding Af, = 0.6/y (0.<0.25/y),
i.e. having €= %2.5mmmrad with y = 80 and or = 10 um,
should be employed.

We stress that our detailed estimation differs substantially
from that of the simplified expression (54). In Fig. 10a, in fact,
the spectra obtained with the two methods of the radiation for
a collecting angle 6y,x = 0.2/y, for both the cases A6, =
0.25/y and A6, = 0.6/y, do not match. In particular, both
the peak frequency and the energy spread do differ in a sizable
way, with a clear underestimation of the beam-divergence
effects when the simplified expression (54) is employed.

In Fig. 10b the relative number of collected photons
Nacc(ABe)/Nacc(Ab. = 0) as a function of the beam diver-
gence is reported. The circle and diamond points represent the
data obtained with the detailed formula (53) and the simplified
expression (54), respectively, while the solid line shows a fit
of the detailed data with the function Nacc(A6:)/Nacc(AbB. =

x 104
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3 : FIGURE 10 Spectral distributions of the scattered pho-
4 0.6 i tons for systems as in Fig. 9. a Comparison between the

O spectra estimated with both the SALP formula and the sim-
oé’ 04l i plified expression (54) for the case of angular divergence
2 - [} ABey = 0.25 (solid line and dashed line, respectively) and
= 0.2 . . . . for the case Ay = 1.25 (dash-dotted line and dotted line,

0 0.5 1 15 2

2.5  respectively). b Number of collected photons normalized
to the case of null beam divergence versus beam divergence
and fit of the data with a function 1/,/1 + A@ez (solid line)
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0) =1/\/1 + AB2. We note that in this case the simplified
expression (54) gives results that are in good agreement with
the ones obtained with the more sophisticated estimation (53).

3.1.2 Nonlinear regime. To switch in the nonlinear regime,
we consider three cases of Thomson backscattering of pulses
having the same duration of T = 30fs but different energies,
namely ES) =0.5], EEZ) =5Jand E£3) = 501, at the wave-
length of 832 nm. In order to suppress transverse effects, we
consider pulses having a waist size of wy = 50 um, a bit larger
than the previous case. Moreover, we will suppose that a pulse-
shaping technique, producing pulses with flat-top longitudinal
profiles with rise time Tr = 6fs, is employed. The normal-
ized pulse amplitudes with the parameters sketched above are
aél) = 0.32 (almost linear regime),aéz) = 1 (weakly nonlinear
regime) and a(()3) = 3.2 (fully nonlinear regime). Since the rise
time is small, the value of the mean potential should be esti-
mated carefully. Supposing a shape H (£) = sin?(r& /2Ty ) for
0 < & < Tg, we found that @ oscillates with the initial phase
¢o with an amplitude dmax /a9 = 0.07. This implies that @ can
reach the value of 0.22 for the fully nonlinear case.

The colliding electron beams have transverse emittance
€ = 5Smmmrad and they have been focused in a spot of
transverse size or = 5 um. To keep the fundamental fre-
quency wp the same as the linear case, the bunch energies
are left to vary accordingly with the pulse amplitude ag, as

E,=40,/1+4+1/ 2a§ MeV, ranging from >~ 40 MeV for the
case (1) to >~ 100 MeV for the case (3). Note that since the

beams have a common value of the transverse emittance but
different energies, they have different angular divergences

A, =~ det /(o740 /1 + 1 /2a§) too, ranging from 40 mrad
for the case (3) to 100 mrad for the case (1). We stress also
that the transverse momentum induced during the pulse rising
front —a does not affect the particle dynamics, since it is as-
sociated with an effective incidence angle ~ 2a/E, reaching
the value of 2.2 mrad (fully nonlinear case), a value which is
well below the bunch divergence.
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The beam and pulse parameters allow the radial inhomo-
geneity effects to be fully neglected. For the worst case (3), in
fact, both the transverse beam size and the divergence satisfy
Eq. (44) and transverse ponderomotive forces introduce an ef-
fective incidence angle of Apr ~ 1073 mrad that is negligible
with respect to the bunch divergence.

The Thomson backscattered photon distributions have
been estimated by using the SALP approximation in the non-
linear regime and the resulting spectral and angular distribu-
tions integrated over the azimuthal angle ¢, for both the pulses
of minimum and maximum energies, are reported in Fig. 11.

In the nonlinear regime both incidence and scattering an-
gles do have a minor effect on the scattered-photon distribu-
tion compared to the linear case, since their natural weight is

now ,/1 + a(z) /2/y rather than 1/y. The resulting reduction

of the blurring effects caused by the angular divergence of the
beam is evident by comparing Fig. 11a and b, where the first-
harmonic yield is shown. This is clearer in Fig. 12, where the
normalized spectra obtained by integrating the spectral and

angular distributions up to an angle Oyiax = ¥/ 1 + a§/2/(y)
with ¢ = 0.2(Oyax > 15 mrad) are reported.

3.2 Laser—plasma accelerator

The idea of using laser—plasma-accelerated
bunches to produce Thomson-scattered radiation was first an-
alyzed in detail by Catravas et al., who considered bunches
produced either with self-modulated laser wake-field acceler-
ators (SM-LWFAs) or laser wake-field accelerators (LWFAs)
with optically controlled trapping (see [8] and references
therein). The estimations reported in Ref. [8], however, con-
sidered only the linear regime and are based on the simplified
expression (54), which has been proved to be an approxima-
tion of Eq. (53). Recently, Hafz et al. [39] have performed a
two-dimensional (2D) numerical simulation of laser—plasma
interaction in the regime of laser wake-field acceleration
with particle injection induced by the presence of a sharp

FIGURE 11 Spectral and angular distribution integrated
over the azimuthal angle ¢ of the Thomson-backscattered
photons produced by the collision between linearly polar-
ized, flat-top pulses of duration 7 =30fs and rise time
Tr = 6fs, energies Ei” =0.5J and E](?) = 501J, wavelength
AL, = 0.832 um and focused in a spot of size wg = 50 um. The
normalized pulse amplitudes are a(()l> =0.32 and a(()3) =3.2,
respectively. The employed electron bunches have energies

15 E" =40,/14d2/2~41MeV and E” = 40,/1 4 a2/2 ~
99 MeV, transverse emittance enl = 5 mm mrad and transverse
size ot = 5 um. a Distribution for the linear case (1). b Dis-
tribution of the first harmonic for the fully nonlinear case (3).

6 (mrad L. . . .
) ¢ Distribution of the first three harmonics for the case (3)
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FIGURE 12 Normalized spectral distributions of the Thomson-scattered

radiation produced by three laser and pulse parameters. The dashed line is
obtained with a pulse as in Fig. 11 with energy Ei” =05] (a(()l) = 0.32, lin-

ear regime) and a beam of mean energy E,(Jl) =40,/1+ ag /2 >~ 41 MeV. The
acceptance angle is 01(\,}3“ =vy,/1+ aé/Z/(y) with ¢y = 0.2. The dash-dotted

line is obtained with a pulse of energy Eiz) =5] (a(()z) = 1, weak nonlinear

regime) and a beam of mean energy E[()Z) =40,/1+ a§/2 ~ 50MeV. The
solid line is obtained with the pulse and beam in the full nonlinear regime

ES) = 507J and a beam of mean energy ES) =40,/1+ a§/2 ~ 99 MeV

plasma-density transition [38]. They applied the results in Ref.
[7] to estimate the characteristics of the Thomson-scattered
radiation produced by the interaction of the simulated electron
bunch and a counterpropagating laser pulse.

Here we will report the detailed estimation of the scattered-
photon distribution in the case of Thomson scattering by a
laser pulse and a counterpropagating electron bunch obtained
by a particle in cell (PIC) simulation of laser wake-field accel-
eration with controlled particle injection by a sharp density
transition [40]. We note that our physical conditions of the
laser—plasma interaction are similar to those of Hafz et al.
The sample particles we employed have been obtained by a
PIC simulation, three dimensional in the fields and two dimen-
sional in the coordinate, of the interaction between a 15-fs-
long laser pulse of peak intensity I = 2.5 x 10'® W/cm? and
a preformed plasma. The electron density of the plasma has a
tailored profile presenting two plateaux separated by a steep
transition. The produced electron bunch has mean energy
about 10 MeV ((y) = 20) and remarkably low transverse and
longitudinal normalized emittances €= = 0.1 mmmrad and

6,‘,‘ = 2mmkeV, respectively. The bunch is also very small,
having transverse and longitudinal dimensions of 1 um (o1 >~
0.5 um) and 3 pm (o =~ 1.5 um), respectively, as shown in
Fig. 13. We note, however, that the angular divergence Af, ~
100 mrad is not fully satisfactory for linear Thomson backscat-
tering quasi-monochromatic generation of soft X-rays, since
ABe(y) =~ 2.

We consider the scattering process of a flat-top pulse of
energy £y = 5], duration T = 30fs, rise time Tgx = 6fs and
wavelength 0.8 um, interacting with the electron beam just
outside the plasma region. The computation of the scattered-
radiation distribution is performed, as in the former case, with
the SALP formula by summing up the contributions of the

FIGURE 13 Longitudinal phase-space plot of the electron bunch obtained
with a (3D in the fields and 2D in the coordinates) PIC simulation of laser
wake-field acceleration with controlled trapping. The longitudinal and trans-
verse sizes of the beam are about 3 um and 1 um, respectively, while the
energy spread is about 5%

sample particles. In the linear regime (wo = 100 um, ay =
0.5) the spectral distribution of the collected radiation within a
scattering angle Oyrax = 0.5/(y) is very large, as was expected
since the angular divergence of the bunch is comparable with
Omax (see Fig. 14a, solid line). Reducing the collecting angle
with ¥ = 0.3 does not produce a narrower spectrum (solid
dashed line) because the energy spread is dominated by the
bunch angular divergence effect.

Since the transverse bunch size is so small, tightly fo-
cused beams can be safely employed and a fully nonlin-
ear regime can be achieved with a pulse obtainable with
present-day laser systems. We consider then further con-
figurations in which the laser pulse is focused in a waist
having wy =25pum (see Fig. 14b) with peak amplitude
ap =12, and wy =8 um (Fig. 14c) with peak amplitude
ap = 6. In all the cases, the transverse inhomogeneity ef-
fects are negligible, since with wy = 8 pum we have o/ wy =~
0.05 and A6, < [(1 —a3/8y2)/(1 + a3 /8y2)Qwy/cT) =~
1.6rad and 6rpr >~ 0.01 rad.

Results of the computation in the fully relativistic (ap = 2
and ap = 6) regime show that narrow spectral distributions
can be achieved even with such a large divergence bunch.
The energy spread for the first harmonics reduced from about
50% with ag = 0.5 to 18% with ap = 6 (see Fig. 15 a and b).
Moreover, tunability of the X-ray source can be easily ob-
tained by changing the pulse energy/waist (and thus the pulse
amplitude ay) by taking advantage of the nonlinear red shift
of the fundamental frequency.

4 Summary and comments

In this paper we have presented a comprehensive
analysis of the scattered radiation produced by Thomson
backscattering of a linearly polarized, flat-top and plane-wave
laser pulse by a relativistic electron bunch presenting siz-
able angular divergence. Triggered by the results reported in
Refs. [26-28], which dealt with pulses having a sharp flat-top
profile, we have taken into account the effects of the rising
front of the laser pulse on the particle dynamics for both the
cases of sharp flat-top and smooth flat-top pulses.
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0.1 . . . . . FIGURE 14 Backscattering of laser pulse with wave-
— y =05 length 19 = 0.8 um delivering pulses of energy Ey, = 5]
ey =03 in T = 30fs onto the electron bunch obtained with a 2D
0.05 E PIC simulation. Spectral distributions of the collected pho-
tons within the scattering angles Oyvax = ¥/ 1 + ag /{y)
0 r—— " - with Y = 0.5 (solid line) and v = 0.3 (solid dashed line).
S 0 1.5 2 2.5 3 3.5 Results of the SALP computation for three laser pulse
= 2 . . . . . focalizations are reported. a wg = 100 um (ag = 0.5); b
s —y=05 wo = 25 um (ap = 2); ¢ wy = 8 um (ap = 6). In the linear
Q b) ==y=03 regime (a), due to the relatively large beam divergence, we
= 1F E obtain broad spectra by reducing ¥/, too. In the full non-
— -, linear regimes ((b) and (c)), however, a sizable reduction
I'-g 0 ») Y of the spectral broadening for the fundamental is found
~ \ TN i LI I NI T T
= 0 0.5 1 1.5 2 25 3 35
T T T T T T 05
- —_—y=0.0 ||
20 c) mmy=0.3
10 1
0 Y mi
0 1.5 2 2.5 3 3.5
o/og
15 . . . . FIGURE 15 Backscattering of laser pulse with wave-
_--y=1 length A9 = 0.8 pm, focused in a waist of size wop = 8 um
—_ == y=06 and delivering E;, =5J in T = 30fs, onto the electron
:f 1F oy = 0.4 bunch obtained with a 2D PIC simulation. a Normal-
S —y = 0.2 ized spectral distributions of the photons in the first
'-.g harmonics collected within the scattering angles Oyax =
;>‘ 05 w1+ a%/(y) with ¥ ranging from zero to unity (solid
k-] line) and ¥ = 0.3 (solid dashed line). b Relative number of
0 collected photons versus the acceptance normalized angle
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An analytical expression for the scattered-radiation distri-
bution generated by a single particle having a small incidence
angle has been derived in Sect. 1. Among the inclusion of the
pulse rising front effects, our formulation differs from that of
Ride et al. [29], since the scattered distribution is expressed di-
rectly in the laboratory coordinate system, with the possibility
of using it directly to calculate the sum of contributions of the
particles in a bunch. Several approximations have also been
derived, the most useful for applications on RF-gun electron
bunches being the small-angle in the long-pulse (SALP) limit,
both in the linear and nonlinear regimes. Effects of the radial
inhomogeneity of laser pulse amplitude have also been consid-
ered and a posteriori relations stating the validity of neglecting
transverse ponderomotive forces have been clearly stated.

In Sect. 3 the incoherent radiation produced by an electron
bunch was considered. In a linear regime, we presented
a relation (see Eq. (53)) valid in the SALP limit, which
looks different from an analogous relation presented in
Ref. [8]. In particular, we found that the relation in [8] is

an approximation of Eq. (53) valid in the case of scattering
angles smaller than the beam divergence (Oyax < A6e).
Useful relations valid in the linear case, involving the energy
spread, the number of collected photons and the collecting
acceptance angle, have also been reported.

Results of the simulations in the nonlinear regime showed
that a sizable reduction of the scattered radiation energy spread
for the fundamental harmonics is achievable for laser pulses
in the full nonlinear regime (ay > 1). This effect is particu-
larly evident for the case of Thomson backscattering from an
electron bunch, which has been obtained with a PIC simula-
tion of the LWFA with controlled injection, and having a large
angular divergence A6, (y) =~ 2.

We conclude by mentioning that very recently [41-43] the
production of collimated and quasi-monochromatic relativis-
tic electron bunches due to laser—plasma acceleration (but in
a regime different from that reported in [40] and analyzed
before) has been demonstrated by three independent experi-
mental groups.
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